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Summary. The permeability coefficient determined
with isotopically labeled solvent (water) and the per-
meability coefficient determined from the volume
flow under the influence of an osmotic gradient are
different, if the solvent is considered to be reversibly
associated. This is shown by application of the equa-
tions of irreversible thermodynamics to systems with
an associating substance. An equation is derived
which relates the permeability ratio to the average
cluster size of the solvent.

The determination of permeability coefficients for the
solvent (water) by essentially two different methods,
tracer diffusion and osmotically induced volume flow,
has led to the concept of water transport through
equivalent pores. Since the introduction of this model
by Koefoed-Johnsen and Ussing [7] (see also [9]), it
has been applied and refined by several authors [2, 6,
12, 14]. Critical reviews have been given [12, 13].
An alternative suggestion for the experimental
finding, that the two permeabilities are different and
that . this can be traced back to a water/water in-
teraction [14], has been put forward by Stein [13]:
the water diffuses through the membrane in the form
of clusters which are breaking and forming at ran-
dom. It is this model that we want to study within the
framework of irreversible thermodynamics.

Theory

The following derivation is based on the treatment of
membrane transport processes as given by Kedem
and Katchalsky [5]. Therefore, some of their re-
lationships are restated here.

The phenomenological equations for the flux J, of
water and the flux J; of the solute are:

S =Ly A, + Ly, Ap
JS:LSWAMW+LSSAuS (1)

where Ay, and Ay, are the differences of the chemi-
cal potentials p, and u, of water and solute, re-
spectively, across the membrane. The L, are the
phenomenological coefficients.

For dilute solutions (V,= partial molar volume of
substance i)

¢, V,~1 (2)

where the concentration ¢, of the solute is small
compared to the concentration c, of water, the Ap,
can be approximated by

Ap, =V, AP—RTAcjc,,

Au,=V,AP+RTAc jc.. 3)

Here, P is the hydrostatic pressure, R the gas con-

stant and T the absolute temperature. The concen-

trations c,, and c, are appropriate averages.
Introducing the volume flux J, and an exchange

flux J, by

JU = VW JW + lV/S JS

JD = (Js/cs) - (Jw/cw) (4)

the set of Eqgs.(3) and (4) constitute a transformation

which leaves the entropy production unchanged.
Thus, the phenomenological equations and the

phenomenological coefficients are transformed to:

J,=Lp AP+ Lp,(RTAc));
Jp=Lpp AP+ Lp(RTAcy) (%)
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and

LP:LWW Vw Vw+2st Vw Vs+Lss Vs Vs’

Lpp=Lpp=—(L,,, V,/¢,)
+ L, (V/e,—Vije,) + (L Vicy,
LD = (wa/cw cw) - 2(st/cs Cw) + (Lss/cs cs)‘ (6)

Here, the Onsager reciprocity relation L, =L, has
been used. Furthermore, the mobility w of the solute
has been introduced

w=c(LpLp—LppLyp)/Lyp (7
which, with the help of Eq.(6), can be transformed to

w:(LWW LSS_LWSLSW)/
Ly Vo Vo +2L,  V, V.+ LV, V)cse,c (8)

5w w®
Now, if the solute is a tracer to the solvent, there
exist several relationships between the phenomeno-
logical coefficients of the two isotopes. These can be
expressed either in terms of the frictional coefficients
[4, 14] or in terms of the generalized conductivity
coefficients L,, [10]. In this derivation it is advan-

tageous to use the latter relations. They are:

1.2 £
L =L CwCy 1B _chwcw
ws Sw CC ww RTC 2
2 .2 * .1 .2
L _cwcw I3 _l_Dwacw (9)
ST ce "™ RTe

Here and in the following, we use the superscripts 1
and 2 to denote the two isotopes of the solvent, ie.,
we identify ¢l with the concentration c,, of the abun-
dant isotope

ct=c, and V}!=V, (10a)
and the concentration ¢ of the trace isotope with the

concentration ¢, of the solute
ct=c, and V=V, (10b)

and ¢ with the total concentration of the constituent
c=cl+c2. (11)

The coefficient I, describes the transport of the
total constituent under the influence of its own gra-
dient and D¥ is the tracer-diffusion coefficient mea-
sured under the condition Ac=0.
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Combination of Egs.(6) and (9)-(11) leads to
Lp=V, V, I?

ww; LPD:O;

L,=c¢D¥/RTc} c2. (12)

Here, use has been made of the isotope relation V!
= V2. This in turn brings us to the consequence that
the reflection coefficient g2 =0 for the tracer, defined
by

0= —Lpp/Lp=0 (13)

vanishes: the membrane has no selectivity towards a
tracer of the solvent. This result has only been cited
to show the consistency of the relations (9).

Furthermore, if the tracer is added in vanishingly
small amounts

c2<cl or clme,
the flux of the tracer J2=J, as given by

Ji=c,J(1—0)+c(Lp—00Lp)(RTAc)
2 J,(1 02+ ¢A(Ly— 02 62 L)(RTAcY)

reduces to
J2=c2J +D2 Ac? (14)

which is just the formula one would expect.
The ratio of the two permeabilities [6, 14] turns
out to be

LyfwV,=RTV,IE /D*. (15)

At this point, the assumptions of a reversibly
associating substance can be introduced. One as-
sumes that the solute can exist as monomer (subscript
i=1=M), dimer (subscript i=2=D), and so on. Each
of these species is assigned a diffusion coefficient D;,
which is the same for both isotopes. Also, the as-
sociation-dissociation reactions have to be so fast as
compared to the transport processes that local chemi-
cal equilibria prevail. The first of these model as-
sumptions means that the transport is a purely dif-
fusional one, and it excludes the quasi-laminar flux
which can lead to the observation that the osmotic
permeability is some 700 times greater than the dif-
fusion permeability [8]. With these model assump-
tions one finds [10]

I8, =(Zic)(Zi®¢; D)/RT(Zi*c);

Di=(Xi¢;D)[(Xic) (16)
where the summation extends over all species: mo-
nomers, dimers, trimers, etc.

Now we remember: 2 describes the osmotically
induced total flux of the constituent, whereas D}
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Fig. 1. The permeability ratio,
Eq.{19), as a function of
concentration ¢, for a trimerization
reaction with D /D, =0.5 and
various values of the equilibrium
constant K

describes the tracer exchange flux. In osmotically
induced transport, all species move all together
through the membrane, whereas the tracer may be
transported by exchange from cluster to cluster with-
out a movement of the clusters. This different mode
of transport is reflected in the different weights given
to the species diffusion coefficients D, in the two parts
of Egs.(16).
Combination of Egs. (15) and (16) yields

LyjoV,
=(Z ¢, D)(Zic)/Zic;DYZTi*cy) (17

if one observes that Eq.(2) is in terms of species
iV, =L

The same result can be obtained if the derivation
goes along the lines as given by Kedem et al. [6]: use
of friction coefficients within the membrane; introd-
uction of the appropriate isotope relations, which
are equivalent to Eq.(9); integration across the mem-
brane, and use of distribution coefficients at the
membrane-solution interface. This second route,
which is much more involved and therefore not re-
produced here, shows that the relation (2), which
applies to the bathing solutions, is not a necessary
assumption within the membrane, i.e., the solvent
may be at any concentration within the membrane.

Discussion

If the solvent exists in the form of only one species k,
we have ¢;=0 for i<k, and therefore from Eq.(17)

LyjwV, =1;
;=0

for ¢, +0;
for i=+k. (18)

In this case, the two permeabilities are equal as it
should be for a diffusion-controlled process.
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Fig.2. The maximum permeability ratio as a function of the cluster
size k

If besides monomers the main association product
1s a k-mer, we have from Eq.(17)

Ly V,=(cy Dy +k* c D){ey + ke
(e Dy Hke D)(cy +k% ). (19)

The departure of this expression from unity depends
on the ratio D,,/D,. At this point we take up the
suggestion of Stein [13], which is based on the for-
mulation of water transport by Kedem etal. [4, 6,
14]: “The drag between water molecules within such
a cluster is likely to be substantial and, in particular,
to be greater than that between an isolated water
molecule and the lipid side chains [13].” This then
means within the framework of this model

D, /D, <1.
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With this condition we can calculate with the help of
Eq.(19) that there is

LoV, >1.

The result of this calculation is shown in Fig. 1, where
this ratio is plotted as a function of the total solvent
concentration ¢, with D,/D,=0.5, k=3 and various
values of the trimerization constant K. One can sce
that at infinite dilution, where we have only mo-
nomers, and at very high concentrations, where the k-
mers dominate exclusively, this ratio is 1 (see
Eq.(18)), whereas in between it rises to a maximum,
the height of which is nearly independent of the value
of the association constant.

Figure2 depicts this maximum as a function of
the cluster size k for various values of the parameter
D,,/D,. L
This maximum spans a range from 1 to 2 for the
permeability ratio, which is the range where the
equivalent pore model might not be satisfactorily
applied and where the suggestion of Stein [13] could
be an alternative explanation for some experimental
findings [1, 14].
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